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Abstract 
Following the work on Shannon entropy together with the principle of maximum entropy, Luo & 
Singh (J. Hydrol. Eng., 2011, 16(4): 303-315) and Singh & Luo (J. Hydrol. Eng., 2011, 16(9): 725-
735) explored the concept of non-extensive Tsallis entropy for modelling velocity in open 
channels. Later, the idea was extended by Cui & Singh (J. Hydrol. Eng., 2013, 18(3): 331-339; 
2014, 19(2): 290-298) by hypothesizing an accurate cumulative distribution function (CDF). 
However, these studies estimated the entropy index through a data-fitting procedure and the values 
of the index were different for different studies. The present study investigates the role of Tsallis 
entropy index for modelling velocity in open channels using the method of moments, based on 
conservation of mass and momentum. It is found that the entropy index depends on the normalized 
mean velocity and the momentum coefficient. In addition to the physical meaning of the index, it 
is also found that the modified velocity profile significantly improves for both wide and narrow 
channels, as shown by small predicted velocity errors. The proposed approach may be further 
employed for other open channel flow problems, such as sediment concentration, and shear stress 
distribution.  
Keywords: Tsallis entropy, Entropy index, Open channel flow, Method of moments, Velocity 
Distribution. 
1. Introduction 
The velocity distribution in open channels is of fundamental importance in hydraulic 
modelling. Both deterministic and statistical models of velocity distribution have been developed 
in the literature. Deterministic models are mostly empirical, based on experimental data. Some of 
the statistical models employ the entropy theory which has long been applied in hydraulics (Singh 
2014, 2016). Using Shannon entropy and the principle of maximum entropy (POME), Chiu (1987) 
derived velocity distributions in open channels. Following his work, different researchers applied 
POME to Shannon entropy for studying hydraulic problems (Singh 2014, Kundu 2017, Kumbhakar 
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et al. 2017, 2018). There is another entropy, called Tsallis entropy, which is non-extensive in 
nature and is a generalization of Shannon entropy containing an additional parameter. Tsallis 
entropy takes on maximum value in case of equiprobability and is pseudo-additive for independent 
subsystems. Because of these and other essential properties, it has been receiving a great deal of 
attention, especially in physics (details can be found here: http://tsallis.cat.cbpf.br/biblio.htm). 
Tsallis entropy was first employed by Koutsoyiannis (2005a, b) who characterized the 
stochastic behavior of hydrological processes. Keylock (2005) derived the flood recurrence 
intervals using a 𝑞-exponential distribution based on Tsallis entropy. In hydraulics, Singh and Luo 
(2011) and Luo and Singh (2011) explored the concept of non-extensive entropy for studying the 
velocity distributions in wide and narrow open channels, respectively. Their works showed some 
advantages over the Shannon entropy-based velocity profile given by Chiu (1987) in predicting 
the velocity distribution, especially near the channel bed. Later, the idea was further extended by 
Cui and Singh (2013, 2014) by hypothesizing an accurate CDF in the space domain. Besides 
studies on velocity, Tsallis entropy theory was successfully applied to other problems of hydraulics 
and hydrology also (Singh 2016). However, the mentioned works estimated the value of the 
entropy index using a data-fitting procedure without any physical justification. In general, except 
for a few cases such as Lyra and Tsallis (1998) and Conroy and Miller (2015), the Tsallis entropy 
index seems to be an adjustable parameter that can lead to a proper distribution through validation 
with experimental data (Tsallis 1999).  
Therefore, the objective of the present study is to investigate the role of Tsallis entropy 
index for modelling velocity in open channels and determine the improvement in the derived 
velocity profile over the existing one using selected sets of experimental and field data.  
 
2. Methodology 
2.1. Probability Distribution of Velocity 
An open channel flow of depth 𝐷 and width 𝐵 is considered where the time-averaged streamwise 
velocity 𝑢 is distributed in the vertical (𝑦) and transverse (𝑧) directions, respectively. The 
normalized velocity ?̂? = 𝑢 𝑢𝑚𝑎𝑥⁄ , 𝑢𝑚𝑎𝑥 being the maximum velocity in a given cross-section, is 
 4 
 
assumed to be a random variable. Then, the Tsallis entropy (Tsallis 1988) of ?̂?, having a PDF 
𝑓(?̂?), can be written in continuous (differential) form as 
𝐻𝑞[𝑓(?̂?)] =
1
𝑞 − 1
∫ 𝑓(?̂?) [1 − (𝑓(?̂?))
𝑞−1
] 𝑑?̂?
?̂?∈𝛩
                                        (1) 
where 𝛩 = [0,1] is the domain of ?̂?, 𝑞 is the real parameter often called entropy index. It is 
straightforward to check that as 𝑞 → 1, Eq. (1) recovers the Shannon entropy. For all 𝑞, the Tsallis 
entropy attains its maximum in the case of uniform distribution for 𝑓(?̂?). Moreover, the function 
𝐻𝑞 is concave for 𝑞 > 0 and convex for 𝑞 < 0 (Plastino and Plastino 1999).  
The objective is to determine the Tsallis distribution by applying the principle of maximum 
entropy to Tsallis entropy Eq. (1), subject to the specified constraints. If observations on velocity 
are available, the constraints can be prescribed as follows. The PDF 𝑓(?̂?) must obey the total 
probability rule, i.e.,  
∫ 𝑓(?̂?)𝑑?̂?
?̂?∈𝛩
= 1                                                                               (2) 
Eq. (2) is generally known as the normalization constraint. The second constraint is formulated by 
noting that the area integral of 𝑢 in a given cross-section is equal to discharge or flow rate, i.e.,  
𝑄 = ∫𝑢𝑑𝐴
𝐴
= 𝑢𝑚𝑎𝑥 ∫ ?̂?𝑑𝐴
𝐴
= 𝑢𝑚𝑎𝑥𝐴?̅̂? = 𝑢𝑚𝑎𝑥𝐴 ∫ ?̂?𝑓(?̂?)𝑑?̂?
?̂?∈𝛩
 
⇒ ∫ ?̂?𝑓(?̂?)𝑑?̂?
?̂?∈𝛩
= ?̅̂? =
𝑄
𝐴𝑢𝑚𝑎𝑥
                            (3) 
where 𝑄 is the discharge, 𝐴 is the cross-sectional area, and ?̅̂? =
?̅?
𝑢𝑚𝑎𝑥
 is the normalized mean 
velocity. It may be noted that Eq. (3) is the first statistical moment of the random variable ?̂? and 
represents the hydrodynamic transport of mass by the flow through the cross-section of a channel. 
Similarly, other constraints may be imposed; however, we restrict our study to mass conservation 
constraint only, because previous studies have shown that this constraint suffices for deriving 
velocity profiles.  
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 The Tsallis entropy given by Eq. (1) can now be maximized subject to constraints Eqs. (2) 
and (3). To that end, introducing the Euler-Lagrange method of calculus of variations, the 
Lagrangian function can be constructed as 
𝐿(𝑓, 𝝀) =  
1
𝑞 − 1
∫ 𝑓(?̂?) [1 − (𝑓(?̂?))
𝑞−1
] 𝑑?̂?
𝑢∈𝛩
+ 𝜆0 (∫ 𝑓(?̂?)𝑑?̂?
𝑢∈𝛩
− 1 ) + 𝜆1 (∫ ?̂?𝑓(?̂?)𝑑?̂?
𝑢∈𝛩
− ?̅̂? ) (4) 
Using Euler-Lagrange equation 
𝜕𝐿
𝜕𝑓
−
𝜕
𝜕?̂?
(
𝜕𝐿
𝜕𝑓′
) = 0 for Eq. (4), the PDF can be obtained as 
𝑓(?̂?) = (
𝑞−1
𝑞
[
1
𝑞−1
+ 𝜆0 + 𝜆1?̂?])
1
𝑞−1
                                    (5)  
Substitution of PDF Eq. (5) into the constraints yields the following system of equations: 
1
𝜆1
(
𝑞 − 1
𝑞
)
𝑞
𝑞−1
[(𝜆0 + 𝜆1 +
1
𝑞 − 1
)
𝑞
𝑞−1
− (𝜆0 +
1
𝑞 − 1
)
𝑞
𝑞−1
] = 1            (6) 
1
𝜆1
2 (
𝑞 − 1
𝑞
)
1
𝑞−1
[
𝑞 − 1
2𝑞 − 1
{(𝜆0 + 𝜆1 +
1
𝑞 − 1
)
2𝑞−1
𝑞−1
− (𝜆0 +
1
𝑞 − 1
)
2𝑞−1
𝑞−1
}
−
𝑞 − 1
𝑞
(𝜆0 +
1
𝑞 − 1
) {(𝜆0 + 𝜆1 +
1
𝑞 − 1
)
𝑞
𝑞−1
− (𝜆0 +
1
𝑞 − 1
)
𝑞
𝑞−1
}]
= ?̅̂?                                   (7) 
Also, the cumulative distribution function (CDF) can be obtained from Eq. (5) as 
𝐹(?̂?) = 𝑃𝑟𝑜𝑏(?̂? ≤ ?̂?) = ∫ 𝑓(?̂?)𝑑?̂?
?̂?
0
=
1
𝜆1
(
𝑞 − 1
𝑞
)
𝑞
𝑞−1
{(𝜆0 + 𝜆1?̂? +
1
𝑞 − 1
)
𝑞
𝑞−1
− (𝜆0 +
1
𝑞 − 1
)
𝑞
𝑞−1
}                (8) 
Eq. (8) is the Tsallis entropy-based CDF which is obtained by the maximum entropy principle. 
One of the objectives is to derive the streamwise velocity equation along vertical and transverse 
directions. To that end, the connection between the velocity and the space domain is made in what 
follows.  
2.2. Connection with Space Domain 
 6 
 
Based on the aspect ratio, i.e., the ratio of channel width 𝐵 to flow depth 𝐷, an open channel is 
classified as wide and narrow channels. If 𝐵/𝐷 <  5 then the channel is narrow, for 𝐵/𝐷 >  10, 
it is wide, and for other cases, it depends on the condition of the surface roughness. In addition to 
the primary flow, strong secondary currents exist in narrow channels due to which the maximum 
velocity occurs below the free surface, which is commonly known as dip phenomenon (Chow 
1959). Therefore, in order to have a unique, one-to-one relationship between the space coordinate 
and a value of velocity, Chiu (1989) constructed the following generalized coordinate  
𝛹 = 𝑌 (1 − 𝑍)𝑚exp(𝑚𝑍 − 𝑌 + 1)                                            (9) 
in which 𝑌 =
𝑦
𝐷+ℎ
 and 𝑍 =
|𝑧|
𝐵𝑖
, where 𝐷 is the maximum flow depth, ℎ is the vertical position of 
maximum velocity below the water surface (in downward direction), 𝐵𝑖 for 𝑖 = 1 or 2 represents 
the transverse distance between the y-axis and either the left or right bank of a channel cross-
section, and 𝑚 is a parameter which characterizes the shape of velocity profiles. 
The velocity ?̂? now becomes monotonically increasing with respect to 𝛹-cordinate over 
the entire domain [𝛹𝑚𝑖𝑛, 𝛹𝑚𝑎𝑥], where 𝛹𝑚𝑖𝑛 and 𝛹𝑚𝑎𝑥 are the minimum and maximum values of 
𝛹, respectively. To connect the velocity and the space domain, let there be a deterministic relation  
?̂? = 𝑡(𝛹), 𝑡 being any function.                          (10) 
𝛹(𝑌, 𝑍) represents an arbitrary point in a channel cross section. Assume that the values of 𝛹 in 
between (𝛹𝑚𝑖𝑛, 𝛹𝑚𝑎𝑥) are equally likely and are hence assumed to follow a uniform probability 
distribution as follows 
𝑓(𝛹) =
1
𝛹𝑚𝑎𝑥 − 𝛹𝑚𝑖𝑛
                                       (11) 
Then, using the relation given by Eq. (10), distribution of ?̂? can be written as 
𝑓(?̂?) = 𝑓(𝛹) |
𝑑𝛹
𝑑?̂?
 | =
1
𝛹𝑚𝑎𝑥 − 𝛹𝑚𝑖𝑛
𝑑𝛹
𝑑?̂?
                          (12) 
Furthermore, the CDF can be recovered as follows 
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𝐹(?̂?) = 𝑃𝑟𝑜𝑏(?̂? ≤ ?̂?) = ∫ 𝑓(?̂?)𝑑?̂?
?̂?
0
= ∫ 𝑓(𝑡(𝛹))
𝑑?̂?
𝑑𝛹
𝑑𝛹
𝑡−1(?̂?)
𝑡−1(0)
= ∫ 𝑓(𝛹)𝑑𝛹
𝛹
𝛹𝑚𝑖𝑛
=
𝛹 − 𝛹𝑚𝑖𝑛
𝛹𝑚𝑎𝑥 − 𝛹𝑚𝑖𝑛
                                   (13) 
It may be noted from Eq. (13) that if the velocity is randomly sampled over the entire channel 
cross-section then the area enclosed by the channel boundary and an isovel (velocity contour) on 
which the velocity is ?̂? divided by the total area of the cross section is equivalent to the probability 
of velocity being less than or equal to ?̂?. For wide open channels where velocity varies only in the 
vertical direction, 𝛹𝑚𝑖𝑛 = 0, 𝛹𝑚𝑎𝑥 = 1 and 𝛹 can be well approximated as 𝛹 = 𝑦/𝐷, 𝛹𝑚𝑖𝑛 = 0, 
and 𝛹𝑚𝑎𝑥 = 1 (Chiu 1989). Accordingly, Eq. (13) takes on the form 
𝐹(?̂?) =
𝑦
𝐷
                                                          (14) 
2.3. Derivation of Velocity Equation 
Equating the entropy-based CDF Eq. (8) and the hypothesized CDF in the space domain Eq. (13) 
and doing some algebraic arrangement, the velocity equation can be obtained as 
?̂? = −
𝜆0 +
1
𝑞−1
𝜆1
+
1
𝜆1
[(𝜆0 +
1
𝑞 − 1
)
𝑞
𝑞−1
+ 𝜆1 (
𝑞
𝑞 − 1
)
𝑞
𝑞−1 𝛹 − 𝛹𝑚𝑖𝑛
𝛹𝑚𝑎𝑥 − 𝛹𝑚𝑖𝑛
]
𝑞−1
𝑞
                         (15) 
It may be noted that the derived velocity profile depends on three parameters, namely, the 
Lagrange multipliers (𝜆0 and 𝜆1) and the entropy index.   
2.4. Combining the Lagrange Multipliers  
To simplify the derived equations (Chiu 1987, Luo and Singh 2011, Cui and Singh 2014), let us 
introduce the following parameter called entropy parameter combining the Lagrange multipliers 
as follows 
𝐺 =
𝜆1
𝜆0 + 𝜆1 +
1
𝑞−1
                                   (16) 
From Eq. (16), one obtains 
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𝜆0 +
1
𝑞 − 1
= 𝜆1 (
1 − 𝐺
𝐺
)                               (17) 
Also, the first constraint Eq. (6) can be rearranged as 
𝜆1
1
𝑞−1 =
(
𝑞
𝑞−1
)
𝑞
𝑞−1
(
1
𝐺
)
𝑞
𝑞−1
− (
1−𝐺
𝐺
)
𝑞
𝑞−1
                                        (18) 
Using Eqs. (16)-(18), the velocity distribution can be written in terms of two parameters as follows 
?̂? =
𝐺 − 1
𝐺
+ [(
1 − 𝐺
𝐺
)
𝑞
𝑞−1
+ {(
1
𝐺
)
𝑞
𝑞−1
− (
1 − 𝐺
𝐺
)
𝑞
𝑞−1
}
𝛹 − 𝛹𝑚𝑖𝑛
𝛹𝑚𝑎𝑥 − 𝛹𝑚𝑖𝑛
]
𝑞−1
𝑞
                             (19) 
For convenience, let us introduce 𝛼1 =
𝑞
𝑞−1
  and 𝛼2 =
1−𝐺
𝐺
 for which Eq. (19) is further simplified 
to 
?̂? = −𝛼2 + [𝛼2
𝛼1 + {(1 + 𝛼2)
𝛼1 − 𝛼2
𝛼1}
𝛹 − 𝛹𝑚𝑖𝑛
𝛹𝑚𝑎𝑥 − 𝛹𝑚𝑖𝑛
]
1
𝛼1
                   (20) 
2.5. Estimation of the Parameters  
It can be seen that Eq. (20) contains parameters 𝜶𝟏 and 𝜶𝟐 the determination of which is essentially 
needed for the assessment of the velocity profile. One parameter is based on the Tsallis entropy 
index and the other is the defined entropy parameter. Luo and Singh (2011) and Singh and Luo 
(2011) considered some test values for the entropy index 𝒒 and based on the data-fitting procedure 
they found the best value to be 3/4 and 2 for 1D and 2D velocity distributions, respectively. 
Extending their work by introducing some empirical parameters in the hypothesized CDF, Cui and 
Singh (2013, 2014) determined the best choice for 𝒒 to be 3 for both 1D and 2D velocity 
distributions. However, the approaches proposed by them are only a heuristic way and based on 
data, and also provide no physical justification for the entropy index. Here, we provide physical 
justification to the entropy index in modelling velocity in open channels based on the method of 
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moments. Using Eqs. (16)-(18) and introducing parameters 𝜶𝟏 and 𝜶𝟐, the PDF given by Eq. (5) 
can be written as  
𝒇(?̂?) =
𝜶𝟏
(𝟏 + 𝜶𝟐)𝜶𝟏 − (𝜶𝟐)𝜶𝟏
(𝜶𝟐 + ?̂?)
𝜶𝟏−𝟏                                (𝟐𝟏) 
Eq. (21) is a power-law distribution obtained from the maximization of Tsallis entropy subject to 
the total probability rule and mass conservation constraint. For estimating parameters 𝛼1 and 𝛼2 
that characterize the PDF Eq. (21), one may use the method of maximum likelihood estimation 
(MLE). However, it should be noted that the parameters are dependent on each other as can be 
noticed from Eq. (16). To that end, the MLE technique would require an explicit expression for 
their derivative(s). Because of these limitations, the application of this technique may be difficult. 
Therefore, we proceed with the method of moments which is simpler to determine the estimators.  
 Here we need to determine the first two moments for estimating the two unknown 
parameters 𝛼1 and 𝛼2 that characterize the PDF 𝑓(?̂?; 𝛼1, 𝛼2) of velocity. After performing the 
integrals, the first two moments can be expressed as follows 
µ1 = E[?̂?] = ?̅̂? = ∫ ?̂?
1
0
𝑓(?̂?)𝑑?̂? =
𝛼1
𝛼1 + 1
(1 + 𝛼2)
𝛼1+1 − (𝛼2)
𝛼1+1
(1 + 𝛼2)𝛼1 − (𝛼2)𝛼1
− 𝛼2            (22) 
µ2 = E[?̂?
2] = ?̂?2̅̅ ̅ = 𝛽?̅̂?2 = ∫ ?̂?2
1
0
𝑓(?̂?)𝑑?̂?
=
𝛼1
𝛼1 + 2
(1 + 𝛼2)
𝛼1+2 − (𝛼2)
𝛼1+2
(1 + 𝛼2)𝛼1 − (𝛼2)𝛼1
−
2𝛼1𝛼2
𝛼1 + 1
(1 + 𝛼2)
𝛼1+1 − (𝛼2)
𝛼1+1
(1 + 𝛼2)𝛼1 − (𝛼2)𝛼1
+ 𝛼2
2                                                                                                           (23) 
where E is the expectation operator and 𝛽 is the momentum diffusion coefficient or Boussinesq 
coefficient equal to ?̂?2̅̅ ̅ ?̅̂?2⁄  (Chow 1959). It is pertinent to mention that Eq. (22) is the mass 
conservation constraint that we have taken into account while maximizing the entropy function. 
On the other hand, the second order moment considered in Eq. (23) is based on the conservation 
of momentum as conveyed in the following (Chiu 1989). The momentum transport (per unit time) 
by the flow through a cross section is 𝜌 ∫ 𝑢2𝑑𝐴𝐴 , so 
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𝜌 ∫ 𝑢2𝑑𝐴
𝐴
= 𝜌𝑢𝑚𝑎𝑥
2 ∫ ?̂?2𝑑𝐴
𝐴
= 𝜌𝐴𝑢𝑚𝑎𝑥
2 ?̂?2̅̅ ̅(= 𝛽𝜌𝐴𝑢𝑚𝑎𝑥
2 ?̅̂?2) = 𝜌𝐴𝑢𝑚𝑎𝑥
2 ∫ ?̂?2
1
0
𝑓(?̂?)𝑑?̂?          (24) 
Now consider a random sample of velocity data of size 𝑛, namely ?̂?1, ?̂?2, … , ?̂?𝑛. Then the sample 
moments can be estimated as 𝜇1̂ =
1
𝑛
∑ ?̂?𝑛𝑖=1  and 𝜇2̂ = 𝛽 (
1
𝑛
∑ ?̂?𝑛𝑖=1 )
2
. Hence, the estimators for 𝛼1 
and 𝛼2 denoted by 𝛼1̂ and 𝛼2̂, based on the method of moments, constitute the solution of the given 
system of non-linear equations 
𝜇1̂ = 𝑔1(𝛼1̂, 𝛼2̂)                                             (25) 
𝜇2̂ = 𝑔2(𝛼1̂, 𝛼2̂)                                             (26) 
where 𝑔𝑖(∎) for 𝑖 = 1,2 are the right-hand sides of Eqs. (22) and (23), respectively. It is concluded 
that while modelling velocity in open channels using Tsallis entropy, the present work provides a 
physical justification for the entropy index 𝑞. To be more specific, the entropy index along with 
the defined entropy parameter depends on the normalized mean velocity as well as on momentum 
coefficient. To solve Eqs. (25) and (26), an expression for 𝛽 is needed. For that purpose, the 
following expressions are considered.  
𝛽 = 1 + (
𝑢𝑚𝑎𝑥
?̅?
− 1)
2
                                     (27) 
and 
𝛽 =
(exp(𝑀) − 1)[(𝑀2 − 2𝑀 + 2)exp(𝑀) − 2]
[(𝑀 − 1)exp(𝑀) + 1]2
                              (28) 
where the entropy parameter 𝑀 is given by 
?̅?
𝑢𝑚𝑎𝑥
=
exp(𝑀)
exp(𝑀)−1
−
1
𝑀
. Eq. (27) was given by Chow 
(1959), developed on the basis of the logarithmic velocity distribution. On the other hand, Chiu 
and Hsu (2006) derived Eq. (28) based on the entropy concept. With the values of ?̅̂? and 𝛽, Eqs. 
(25) and (26) can be solved together numerically to obtain the estimates 𝛼1̂ and 𝛼2̂. Newton’s 
method may lack in efficiency due to the choice of the initial guess. Therefore, we used the trust-
region algorithm to solve the equations, which is a simple yet powerful optimization technique 
(Conn et al. 2000). MatLab function ‘fsolve’ contains three algorithms for solving a system of 
equations, namely, trust-region, trust-region dogleg, and Levenberg-Marquardt. In the present 
study, the trust-region dogleg scheme was used as it is the most efficient as compared to the others.  
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3. Results and Discussion 
The present work provides a physical interpretation of the Tsallis entropy index for modelling 
velocity in open channel flow. In addition, to assess how the proposed approach improves the 
velocity equation, the derived equation is compared with the existing one considering different 
data sets for both one- and two-dimensional distributions of streamwise velocity. Furthermore, a 
quantitative evaluation is done for the velocity models using the relative percentage error (RE) and 
root-mean-square error (RMSE).  
 
3.1. Experimental and Field Data Considered 
For the validation of velocity equation in a wide channel where velocity varies in the vertical 
direction having the maximum velocity at the water surface, mostly cited laboratory data of 
Einstein and Chien (1955) and field data of Davoren (1985) were considered. Einstein and Chien 
(1955) measured data for both clear water and sediment-laden flow up to 50% of the flow depth 
starting from the channel bed. A detailed description can be found in Einstein and Chien (1955). 
Field data of Davoren (1985) was for a river with a live bed. The flow velocities were measured 
downstream from a hydropower plant, which resulted in a steady uniform flow over an appreciable 
period of time. On the other hand, for velocity with dip-phenomenon and two-dimensional 
distribution of velocity, laboratory data of Wang and Qian (1989) and field data of Moramarco 
and Singh (2001) were considered, respectively. For details one can refer to the cited literature.  
3.2. Measurement of Error 
To get a quantitative idea about the validity of velocity equations, RE and RMSE were calculated 
as follows 
𝑅𝐸 =
1
𝑁
∑ |
𝑉𝑐(𝑖) − 𝑉𝑜(𝑖)
𝑉𝑜(𝑖)
|
𝑁
𝑖=1
                                    (29) 
𝑅𝑀𝑆𝐸 = √
1
𝑁
∑ (
𝑉𝑐(𝑖) − 𝑉𝑜(𝑖)
𝑉𝑜(𝑖)
)
2𝑁
𝑖=1
                         (30) 
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where N is the total number of node points, 𝑉𝑐(𝑖) and 𝑉0(𝑖) are the computed and observed values 
at 𝑖-th data point, respectively.  
3.3. Assessment of Velocity Profile 
In this section, the derived velocity equation was compared with selected data sets and also with 
the models of Singh and Luo (2011) and Luo and Singh (2011). Their models can be achieved by 
solving the system of Eqs. (6) and (7) after putting 𝑞 = 3/4 and 2 for velocity in wide and narrow 
channels, respectively.  
3.3.1. Velocity in Wide Channels 
To compare the model in the case of flow in wide channels, Run C3 (clear water flow) and Run 
S5 (sediment-laden flow) of Einstein and Chien (1955) data, and Run 1 and 10 of field data from 
Davoren (1985) were considered. The characteristics of data are provided in Table 1. The proposed 
model was assessed for two cases: considering 𝛽 from Eq. (27) and from Eq. (28). Fig. 1 compares 
the proposed model and the model of Singh and Luo (2011) with Run 1 and 10 of Davoren (1985) 
data. It can be noticed from the figure that the proposed model for both cases significantly 
improves the prediction of velocity throughout the water column as compared to the Singh and 
Luo (2011) model. In Fig. 2, the models were compared for data from clear water as well as 
sediment-laden flow of Einstein and Chien (1955). The superiority of the present model was 
observed here also, especially near the channel bed. The absolute relative error (RE) and the root-
mean-square error (RMSE) were calculated for the models and are presented in Table 2. It can be 
noticed from the table that the present model mimiced the data in a much better way than did the 
model of Singh and Luo (2011). Furthermore, it was observed that the prediction accuracies of the 
present models for the two cases of calculation of 𝛽 were almost the same.   
 
Table 1: Characteristics of selected velocity data (for wide channels). 
Data Set 
?̅? 
(m/s) 
𝑢𝑚𝑎𝑥 
(m/s) 
𝑀 
Momentum 
coefficient 𝛽 
𝛽 from Eq. (27) 𝛽 from Eq. (28) 
Singh and Luo 
(2011) (𝑞 = 3/
4) 
Eq. 
(27) 
Eq. 
(28) 
𝛼1 𝛼2 𝛼1 𝛼2 𝜆0 𝜆1 
Run 1 2.285 2.807 5.225 1.052 1.047 156.933 28.851 156.894 29.140 -1.821 3.944 
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Davoren 
(1985) 
Run 10 2.258 2.790 5.080 1.055 1.050 156.826 29.646 156.777 29.981 -1.729 3.836 
Einstein 
and 
Chien 
(1955) 
Run C3 1.960 2.288 6.928 1.028 1.027 145.431 20.054 155.411 21.548 -2.885 5.158 
Run S5 2.226 2.802 4.645 1.067 1.058 156.427 32.242 156.336 32.767 -1.457 3.514 
 
 
  
(a) Run 1                                                              (b) Run 10  
Figure 1: Comparison between the proposed model Eq. (20) with 𝛽 from Eqs. (27) and (28) 
and the model of Singh and Luo (2011) for Davoren (1985) data.  
 
  
(a) Run C3                                                            (b) Run S4 
Figure 2: Comparison between the proposed model Eq. (20) with 𝛽 from Eqs. (27) and (28) 
and the model of Singh and Luo (2011) for Einstein and Chien (1955) data.  
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Table 2: RE and RMSE values for the models. 
Data Set 
Proposed Model (𝛽 from Eq. 
27) 
Proposed Model (𝛽 from 
Eq. 28) 
Model of Singh and 
Luo (2011) 
RE RMSE RE RMSE RE RMSE 
Davoren (1985) 
Run 1 0.0122 0.0173 0.0123 0.0192 0.0377 0.0755 
Run 10 0.0634 0.0941 0.0611 0.0910 0.0658 0.0879 
Einstein and 
Chien (1955) 
Run C3 0.0696 0.0705 0.0714 0.0722 0.1815 0.2165 
Run S5 0.0359 0.0655 0.0484 0.0828 0.1243 0.1765 
 
3.3.2. Velocity in Narrow Channels 
Run 1 (clear water flow) and 31 (sediment-laden flow) of Wang and Qian (1989) data where 
maximum velocity occurred below the water surface and three verticals 𝑧 =  −16.64 m, 𝑧 =  0 
m and 𝑧 =  16.64 m located at P. Nuovo gauged section (Moramarco and Singh 2001) for two-
dimensional distribution were considered for the comparison. The characteristics of data sets are 
provided in Table 3. Fig. 3 compares the proposed model and the model of Luo and Singh (2011) 
for Run 1 and 31 of Davoren (1985) data. The RE and RMSE values were calculated and are 
presented in Table 4. It can be observed from the table that the present model predicted the data 
better in the case of Run 1 while for other data set the model of Luo and Singh (2010) performed 
better. However, the proposed model measured the data in the near-bed region more efficiently as 
can be seen from the figure. In Fig. 4(a), the vertical velocity profiles at 𝑧 =  −16.64 m and 𝑧 =
 0 m of P. Nuovo gauged section (Moramarco and Singh 2001) were plotted and compared with 
the velocity models. It can be seen from the figure and Table 4 that the present model significantly 
improved the velocity profile as compared to the model of Luo and Singh (2011). Moreover, the 
model where 𝛽 was computed from Eq. (27) was superior to the other and with this model, the 
velocity contours are plotted in Fig. 4(b). It is observed from the figure that the derived model can 
measure the velocity well along the cross-section of the channel.  
 
Table 3: Characteristics of selected velocity data (for narrow channels). 
Data Set ?̅? (m/s) 
𝑢𝑚𝑎𝑥 
(m/s) 
ℎ (m) 𝑀 
Momentum 
coefficient 𝛽 𝛽 from Eq. 27 𝛽 from Eq. 28 
Luo and Singh 
(2011) (𝑞 = 2) 
Eq. 
(27) 
Eq. 
(28) 
𝛼1 𝛼2 𝛼1 𝛼2 𝜆0 𝜆1 
Run 1 1.720 2.116 -0.04 5.184 1.053 1.048 156.904 29.071 156.862 29.377 -2.753 7.506 
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Wang and 
Qian 
(1989) 
Run 31 1.641 2.132 -0.03 4.023 1.090 1.073 158.917 37.535 158.698 38.549 -2.236 6.472 
Moramarco 
and Singh 
(2001) 
Three 
verticals 
at Pt. 
Nuovo 
1.684 2.597 -2.60 1.886 1.294 1.167 140.149 60.565 120.047 62.631 -0.783 3.565 
 
 
 
 
(a) Run 1                                                           (b) Run 31 
Figure 3: Comparison between the proposed model Eq. (20) with 𝛽 from Eqs. (27) and (28) and 
the model of Luo and Singh (2011) for Wang and Qian (1989) data. 
 
  
(a)                                                                    (b) 
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Figure 4: Comparison between the proposed model Eq. (20) with 𝛽 from Eqs. (27) and (28) and 
the model of Luo and Singh (2011) for Moramarco and Singh (2001) data: (a) along two 
verticals, and (b) contour lines. [texts with ‘+’ inside the figures indicate the observed data] 
 
Table 4: RE and RMSE values for the models. 
Data Set 
Proposed Model (𝛽 from Eq. 
27) 
Proposed Model (𝛽 from 
Eq. 28) 
Model of Luo and 
Singh (2011) 
RE RMSE RE RMSE RE RMSE 
Wang and Qian 
(1989) 
Run 1 0.0867 0.1311 0.0896 0.1354 0.0907 0.1141 
Run 31 0.1474 0.2214 0.1566 0.2332 0.1076 0.1374 
Moramarco 
and Singh 
(2001) 
𝑧 = −16.64 m 0.1541 0.2400 0.1862 0.2763 0.1721 0.2355 
𝑧 = 0 m 0.0731 0.1448 0.0979 0.1771 0.0915 0.1529 
𝑧 = 16.64 m 0.3133 0.4109 0.3053 0.3881 0.2652 0.3363 
 
 
4. Conclusions 
The following conclusions can be drawn from the present work: 
1. The present study revisits the velocity distribution in open channels using Tsallis entropy with 
special attention to the role of Tsallis entropy index. Using the method of moments, it is found that 
the entropy index together with the defined parameter depends on the normalized mean velocity 
and momentum coefficient.  
2. The entropy parameter and the entropy index are determined simultaneously by solving a system 
of non-linear equations that arise through the application of the method of moments. The second 
order statistical moment based on the conservation of momentum is considered.  
3. Relevant sets of laboratory and field data are considered for assessing the velocity profile. In 
addition to the physical meaning of the entropy index, it is observed that the derived velocity 
profile significantly improves for both wide and narrow channels.  
4. A quantitative assessment is also done for the models through the computations of absolute 
relative error and root-mean-square error. The proposed approach may be used for other open 
channel flow problems, such as sediment concentration and shear stress distribution, hindered 
settling velocity, bed-load layer thickness, etc. 
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